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SUMMARY

This paper presents finite element methods for the non-stationary Euler equations of a two dimensional
inviscid and incompressible flow. For the time discretization, we compare numerical results obtained by
the use of a leap-frog scheme and a semi-implicit scheme of order two.

INTRODUCTION

The two-dimensional non-stationary Fuler equations for an inviscid and incompressible fluid
have been used to describe large-scale atmospheric motions. Non-linear computational instability
of finite difference schemes is the major difficulty to overcome for long-term integration of this
equation.

Arakawa® pointed out that the properties of conservation of kinetic energy and mean-square
vorticity or ‘enstrophy’ must be maintained when the continuous problem is approximated by
a numerical scheme.

In a previous paper,? we showed that the use of finite-element spatial discretizations leads to
conservative and convergent schemes as soon as the numerical integration of the non-linear term
is exact. We gave an error analysis of finite element approximations and we derived stability
and convergence theorems for time-differencing schemes.

This time we present numerical results, computational aspects and comparisons in practice
of the schemes introduced in Reference 2. In particular, non-trivial periodic solutions of the stream-
function have been found and numerically tested during long-term integration.

STATEMENT OF THE PROBLEM

Let Q be a simply connected plane domain with boundary I". We consider the non-stationary
Euler equations for an incompressible and inviscid fluid:

du 2 Ou .
Et—-&-i:luigg—-gradp, in Q, N
diva=0, inQ, )]
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uv=0, onT, (3)
u(x, 0) =uy(x), in Q, 4

where v is the unit outward normal to T
Since the flow is incompressible, there is a stream function ¢ satisfying

0
Then introducing the vorticity w by
@=curlu (6)
and using the identity
curlu= — Ay (7
we obtain the stream-function formulation of the Euler equations
—AYy=w, inQ (8)
%:%gg—%%zﬂw,m, in Q, 9)
Yx,f)=0, onT, (10)
YU(x,0) =y,(x), in Q. (11)

We now introduce function spaces in order to write these equations in variational form and
to derive finite element methods. Let (-,-) denote the scalar product in L*(Q) and |||, o denote
the norm in I*(Q). Let then

0
HY{(Q) = {v vel?(Q), 6;) el*(Q), i= 1,2}, (12)
which is a Hilbert space for the norm
2 aU 2 1/2
= |vl|da+ — ) . 13
lollie <H 5.0 2_:1 % 0.0 (13)
Let us also consider the following semi-norm in H!(Q)
2 51) 2 1/2
= — . 14
}Uh,g (;';1 ix; o,a) (14)
It is well known that this defines a norm in H}(Q), where
H(Q) = {v|ve H' (), v|r = 0}. (15)
Let a:(u, v) - a(u, v) be the real bilinear form on (H§(Q))%
du 0v  du Ov
,U) = e —— 16
at, v) L(axl ax, T ox, 6x2) * (16)

associated with the variational formulation of the harmonic Dirichlet problem, and let us consider
b:(u, v, w) - b(u, v, w) defined by

b(u, v, w)=J (ﬁ—av——ﬁ»—aj}—)wdx. (17n
Q
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The Euler equation can be expressed in variational form as follows:

a((t), u) = ((t), u), YueHy(Q), (18)
d
(5; a(t), v) = b(Y(1), w(t),v), YoeH(Q), (19
Y(0)=yo. (20)
We saw in Reference 2 that the form b satisfies the identity
b(u, v, w) = b(v, w, u) = b{w, u, v), ; 2n
which leads to the following conservation properties:
1d
547 190130 =b00). 00, (1) =0, 22)
1d R
5 31 VO1E.a = b0, 00, ¥ () =0, 23)
so that the kinetic energy
W@l a
and the enstrophy
lo®I? .o

are conserved with time.
The fact that numerical schemes keep the properties of the form b and then ensure the
conservation of kinetic energy and enstrophy is the main condition of their convergence.

FINITE ELEMENT APPROXIMATION

Standard conforming elements enable us to construct two finite dimensional spaces;

Uy < Hy(Q), 24
V, = HY(Q). (25)
Then we approximate the Euler equations by the following discrete formulation:
a(Yu(t), wy) = (w,(1), ), VureU,, (26)
d
(a_twh(t)s Uh) = b(l/lh(t)a wh(t)a vh)a VUhE Vh’ (27)
Yu(0)= ‘/’o,h‘ (28)

Examples

Triangular elements. For each integer k, we denote by P,, the space of all polynomials defined on
R? of degree less or equal to k. Then, for the construction of the finite dimensional spaces U, and V/,
we use a conforming finite element method associated with a regular triangulation made with
triangles K and, on each K, polynomials of P,. :
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Figure 1

Quadrilateral elements. In this case, we denote by K the unit reference square with vertices
4, =(0,0),4, =(1,0), 43 =(1,1),d,=(0,1), and we denote by Fy the mapping that maps the
unit square K onto the quadrilateral element K. Now for each integer k, we denote by Q, the
space of all polynomials spanned by x§'x%* with 0<o; <k fori=1,2.

Then for the construction of the finite dimensional spaces U, and ¥V, we shall use a conforming
finite element method associated with quadrilaterals K and, on each K, the functions obtained
by composition with Fz! of polynomials of Q.

In both cases of triangular and quadrilateral elements we derived the following error bound
as soon as the exact solution (y, w) is sufficiently smooth:

W () = Yul(l 1.0+ I t) — 04O 0,0 < CH:,  V1€[0, T, (29)

In particular, let us choose a regular ‘triangulation’ of Q made with equal rectangles, and let
us choose as V, the space of continuous functions on Q such as their restrictions on each rectangle
K belong to Q,. We obtain the conservative scheme introduced by Arakawa for the Jacobian
(see also Reference 3):

1
12AxAy

0 e Wi — Yo ) Y Oim g o1 Wimj— Vij-1)

+ 01 -1 W1~ Vivr,))

+ @iy Wi = Ve F Ve -1 — Vierj+1)

+ 01 Wir = Vet Viv e — Wim1j+ 1)

+ 0, j W1 = Wi FWio1 o1~ Vio1y-1)

+ @ Wi = Ve Voot = Vis ) ) (30)

It is also possible to consider a regular triangulation of Q made of equilateral triangles and

to take as V, the space of continuous functions such that their restrictions on each triangle K

belong to P,. There is an advantage to do so from the point of view of numerical quadrature.
We obtain the following analogue of the Jacobian (see Figure 1):

JW, w);, ;= {wi+1,j+1(‘l/i+1,j—‘//i.j+1)

1
J, w)o = a‘h‘f[a)x('/’s — o)+ (Y —¥3) + 03y~ Y4)
+ 0 (3 —VYs)+ 0s(g —Y6) + 065 —¥y) ] (31)

TIME DISCRETIZATION

The most generally used time discretization scheme for the Euler equation is the leap-frog scheme.
But this scheme may presents instability and explosive growth of energy and enstrophy in the case
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of long-term integration. The importance of these properties leads us to consider numerical
schemes satisfying the conservation of kinetic energy and enstrophy. This implies the choice of
semi-implicit schemes.

The leap-frog scheme

Let us choose a positive integer N; let At denote the corresponding time step At = T/N and
t,=nAtforn=0,..., N. Let y} and w} denote the approximate values of y/(¢,) and w(t,). The leap-
frog scheme can be written as follows:

a(y, ) = (0h, ), YueU,, (32
(03, v,) = (01, vy) + 2Atb(Y}, 0}, v,), V0,V (33)
@) = Wy, (34)

(@i vy) = (@3, 0,) + Atb(Y}, 07, 0,), Yo,V (35)

We derived in Reference 2 the following stability and convergence results. Under the following
stability hypothesis:

(i) a Courant-Friedrichs—Lewy type condition

CA
Ttsup[uj‘,(x)]< i, ¥n=0,.. N, (36)
xe}
where the constant C depends on the type of finite elements used and where sup|{uj{(x)| represents
xeQ)
the maximum value of the velocity in Q
(i) there exists a constant 4 > 0 such that
%sup]uﬁ(x)~u2”‘(x)[<A, van=1,...,N (37
xeQ}

we have the following bound:
loplda+lloi* 13 a<CUoR 3o+ loilldo), Yn=0,. N-1 (38)

If we assume furthermore sufficient regularity conditions on the exact solution (i, @), we can get the
error estimate

[¥(t) — ¥l o+ lot,) — 0flo < CH* + At?), Vn=0,...,N. (39)

Remark 1. Condition (37) seems rather theoretical. In fact, the constant C in (38) may become
very large with the integration time T. Namely

C =2Kexp(AKT), (40)
with
1
= . 41
K=max—cn @0
1 == sup|ui(x)|
xeQ2

Furthermore, it may be observed that the stability condition (36) does not imply the condition
(37). Condition (37) shows itself to be more restrictive than (36). A practical way to relax this
condition is to use a mixing between the successive steps; For example, a periodic mixing at every
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M steps, M being adjusted to maintain conservative properties:

@, =Wy p+ 2At‘](‘//n—1’wn~1)’
Canrl =@y + ZAt‘]({/;m C‘N)n)a

a~)n+1 +2d)n+wn~1

= , 2
w, y (42)
or a mixing at every time step of the form
(bn =Wy + 2At~](%— 1> Wy— 1)a
(I)n+ 1 =Wy + 2AtJ(':Em Cbn);
D 26 -
0, = (1 — )3, 4 gt T EOnt On-s @3)

4 5

where ¢ is a parameter to fit in order to keep kinetic energy and enstrophy constant.

Remark 2.1t is well known now,"? and our numerical experiments have confirmed it, that the
non-linear term must be exactly integrated. For the I? scalar product

(@4, vy) (44)

on the contrary, we can use approximate integration. Doing this, the leap-frog scheme is explicit
and there is no linear system to solve at each time step. This is what is called ‘Tumping’. We
obtain it by the use of an approximate quadrature formula involving the interpolation points.

For example, with finite elements Q,, the formula using interpolation points is exact for
polynomials of degree less than or equal to 2k — 1. This ensures an integration error of order
k, that is the same order as finite element interpolation error.*

Thus, from a theoretical point of view, there is no loss of order of accuracy when the mass
matrix is replaced by a lumped diagonal matrix. Numerical comparisons are presented in the
next section. Numerical tests have shown that the lumping’ actually stabilizes the leap-frog
scheme in the case of Euler equations.

A semi-implicit scheme of order two

The following scheme ensures exact conservation of enstrophy. Numerical experiments have
shown that kinetic energy is also constant with time when the exactly integrated formulation b
of the non-linear term (17) is used.

Let ¢/} and o} be approximations of xj/(t,,) and w(t,), we write

a(yy, uy) = (0h, ), YueU,, (45)
At
a(‘l/:+ 1/2) uh) = (CO;:, uh) + “z—b(l//zs COZ, uh)a VuhE Uh» (46)
(@i, vy) = (0, v;.)+—b(t//"+”2 o+ oy ,), VeV, (47)
o _
Wy = W 48)

We call this scheme a semi-implicit scheme because it is only implicit with respect to w,. It
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ensures the exact conservation of approximate enstrophy:
lohllda= o154 Yn=0,.. N. (49)

This scheme appears to be a mid-point rule for Y associated with a Crank-Nicolson scheme
for w.
For the exact solution (i, w), we have

Oltys 1) = 000+ 5T Wiy 112 00) + 0,41 + OAE), (50
with
Fltres) =90 + 5 1) + 040 51
such as
Al 1) = 0lt) + 3T, @(6) + OAE) 52

so that this scheme is clearly of order two in time.
More precisely, suppose that the exact solution (¥, w) is sufficiently smooth, we derived in
{Reference 2) the following error bound:

lo(t,) — ohllo.a+ W) — ¥ilie < C(H* + At?) (53)

Computational aspects of the semi-implicit scheme

This scheme implies the resolution of two discrete Dirichlet problems at each time step. This
has been done by factorizing the discrete Laplacian matrix once and for all using Cholesky’s

algorithm.

The resolution of the vorticity equation (47) is more tricky. The problem can be written as

follows: @ and ¥ being already calculated, find w},** such that

At At
(@00 = 5 bAT 2 0f L u) = @ v) + S B0 A 0h ) YneY, (54

If p denotes the number of nodes of the finite element method, this leads to the following
inversion matrix problem in R” at each time step:
(—J)o" ' =0 +J,)a" (55)

1 being the p x p identity matrix; J,, is a skew-symmetric matrix depending on ;" '/? and @, is the
vector solution for each time ¢,.
This problem has a unique solution since

(@=J)V,V)ge= || V]2, VVeRPZ (56)

Let us now review different algorithms to solve it.

The relaxation algorithm. Let us consider the system of linear equations
Ax =D,

where A =(a; ;) is a given p x p real matrix and b is a given real p-vector.
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Let x° be a given vector; the computational scheme can be written as follows, with a;;=1,Vi

n+1l . n+1
x{"t=wlb;—a;, x7

+ (=o)X} + (= a;;01X7 41 —a;pxp), fori=1,...,p,

n+1
-1 X

where w is the relaxation parameter. Numerical experiments have shown that the optimal values of
W were

w=095 for % ~02,

w=090, for % ~0-5.

This algorithm is very easy to implement, but the extra-diagonal coefficients of the matrix
become more important when s decreases or when At increases. Then the relaxation algorithm
becomes less efficient. It may even diverge when the matrix A is not diagonally dominant. The
necessity to reduce, in this case, the time step At leads to higher computational costs.

The generalized conjugate gradient method. This was introduced by Concus and Golub.® Let us
consider the system of linear equations
Ax=Dh
where A is a p x p real matrix and b a given real p-vector. We rewrite the system
Mx =Nx+b,
where M =MT" = (A + AT)/2 is the symmetric part of A, and
~N=NT=(A-A")2

is its skew-symmetric part.
Assuming that M is positive definite and that it is a simpler computational task to solve

Mz =d,

the generalized conjugate gradient method for the splitting (A + AT)/2 is summarized as follows:

Algorithm
Let x° be a given vector and arbitrarily define x* for k=0, 1
1. Solve MZ* =r* when r* =b — Ax*.
7Z"MZF 1
M o,

3. Compute x**1 =x¥"1 4 @, ,(ZF + x* — x*71)

-1
2. Compute wy, ¢ =(1 ) for k= 1, with w, = 1.

Properties of the method in our case.

Let us recall that A =1~ J,, where J, is skew symmetric, so that the symmetric part of A is
I, and the first step of the algorithm is removed.
This method is then very easy to implement in this case.
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The Chebyschev iteration. We present a short overview of the Chebyschev iteration for a
non-symmetric matrix according to Van der Vorst.® Let us consider the linear system
Ax=bh.

The computational scheme can be written as follows:

Algorithm
Given x°, define
r®=bh— Ax°,
1
0_ 1.0
p dr’
2
0.7
o=
then
Xt = xk1 g pk
¥ =b — Ax¥,
¢ 2 -1
ko d—1 = k-1
()]
B* = do* — 1,

pk = o r* + ﬁ"pk'l,
for k=1,2,..., where the constant c¢ is the focal distance and d is the centre of the ellipse that
encloses the spectrum of A.

In our case A =1 —J, has all its eigenvalues of the form A =1+ iy, where yu is real. Then the
ellipse enclosing the spectrum of A degenerates into a segment (1 —ic, 1 + ic) (see Figure 2).

The bi-conjugate gradient method. This was introduced by D. A. H. Jacobs.” This method
extends the principle of the conjugate gradient method to non-symmetric matrices. Let us consider
a system

Ax=Dhb

. 1+ic

4 1-ic

Figure 2
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where A is non-symmetric. We consider

r=b— Ax,
F=b—ATx,
which leads to the following algorithm:
Algorithm
Given x°, calculate the initial residual
r°=b— Ax°
and the initial bi-residual
P =10
Set the first direction vector
po=r°
and the first bi-direction vector
po =FO.
Then for each k=0, 1,... calculate
(0", Ap")

Calculate the new estimate
) X<t = xk 4 gkpk.
Determine the new residual

| 4 =1 -

k+1 k k Apk
and the new bi-residual

B = ok AR
Determine the coefficient
ﬂk _ . (rk+ 1, Apk)

(8", Ap")

Set the new direction vector

Pl =rktl 4 gipk
and the new bi-direction

l’)'k+1 — fk+1 + ﬂkﬁk-

The multigrid method. This will be too long to present here the multigrid algorithm. It is
described, for example, by Brandt.®
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NUMERICAL EXPERIMENTS

We tested the above schemes on the problems described below. Let Q be the square (0, 7) x (0, ).
We solve equations (8)—(11) in © with various initial conditions.

1. We first tried the following initial condition (see Figure 3):
Yolx, y) = sin(x)sin(2y) (€1

which is an eigenfunction of the Dirichlet problem in the square Q. This initial condition gives
a stationary solution. The finite element scheme satisfies the stationarity without errors for
long integration times. The choice of either a leap-frog scheme or a semi-implicit scheme does
not modify the numerical results in this case.

2. Then after Arakawa and Lamb (Reference 9), and for meteorological modelling purposes, we
chose the two initial conditions obtained by addition of eigenfunctions of the Laplace
operator:

Yolx, ) = sin (x)sin (y) + sin (2x)sin (y), on Q, (C2)
Yolx, y) = sin (2x)sin (2y) + sin (2x)sin(3y), on Q (C3)
{see Figures 4 and 5, respectively.)
For the initial condition C2 the initial value of enstrophy is

leo][5,0="T16.

Figure 4. Initial condition C2: y4(x, y) = sin(x)sin(y) +sin(2x)siny. T =0
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Figure 5. Initial condition C3: y,(x, y) = sin (2x)sin (2y) + sin (2x)sin(3y). T =0

The value of energy corresponds to
N’l%n =174
Likewise for the initial condition C3, we have
lollg o= 575,
W12 .0=>529.

For each initial condition, we perform several computations with various values of the mesh
size h and the time step Ar. We first compare the behaviours of leap-frog and semi-implicit time
discretization schemes.

The test is to maintain the conservation laws on kinetic energy and enstrophy as long as possible.

Time discretization

Leap-frog scheme. The leap-frog scheme appears often to be unstable in the case of long-term
integration or with rough initial conditions. Its stability implies that a Courant-Friedrichs-Lewy

Table I. Leap-frog scheme (exactly integrated)

T=0 T=10 T =20

Initial condition (C2)

_n

T 10

Ar =005 Enstrophy 71-6 807 93-4
Energy 177 176 17-8

At=01 unstable

n

16

At=0-02 Enstrophy 71-6 786 856
Energy 17-4 174 172

At =005 unstable
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type condition must be set on At. This constrains us to choose a smaller time step At when the mesh
h is smaller, which then increases the computational cost of the leap-frog scheme.

We tested the leap-frog scheme in the case of initial conditions (C2) and (C3) with different values
of h. And we tried to maintain the conservation constraints and stability until the integration time
T =100. We present the numerical results in Tables I and IL

Numerical tests presented in Tables I and IT have clearly shown that lumping stabilizes the leap-
frog scheme in the case of Euler equations.

After lumping, we remark that in the case of smooth solutions corresponding to initial condition
(C2), the behaviour of the leap-frog scheme is satisfactory, whereas for initial condition (C3), the

Table II. Leap-frog scheme (with lumping of the mass matrix)

T=0 T =50 T =100

Initial condition (C2)

T
h=—
10
At =005 Enstrophy 71-6 71-6 71-6
Energy 177 177 177
At =01 Enstrophy 716 716 718
Energy 177 177 177
At =02 Enstrophy 71-6 915 overflow
Energy 177 182 at T =51
Initial condition (C2)
T
h=-—
16
At=002 Enstrophy 71-6 716 71-6
Energy 17-4 174 17-4
At=005 Enstrophy 716 717 71-8
Energy 17-4 174 174
At=01 Enstrophy 715 overflow
Energy 17-4 at T =20
Initial condition (C3)
_n
10
Ar=002 Enstrophy 5754 580 6168
Energy 54-5 558 52-8
At=005 Enstrophy 5754 5971 overflow
Energy 545 543 at T=80
At =01 Enstrophy 5754 overflow
Energy 545 at T =40
o
16
At =002 Enstophy 5754 601 overflow
Energy 529 557 at T =60
At =005 Enstrophy 5754 687 overflow

Energy 529 562 at T =51
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Table I1I. Leap-frog with ¢ mixing.

h=— T=0 T =150 T =100

Initial condition (C2)

At =02
& =006 Enstrophy 716 70-8 777
Energy 177 177 177
g =007 Enstrophy 71-6 70-1 694
Energy 177 17:5 17-3
Initial condition (C3)
At=01
e=01 Enstrophy 5754 5004 4323
Energy 54-5 52 50
e=002 Enstrophy 575-4 5685 5912
Energy 54-5 549 482
At = 0-05
e=002 Enstrophy 5754 569-5 5547
Energy 544 54-4 539
&= 001 Enstrophy 5754 5734 5754
Energy 545 54-1 551

stability condition requires very small At. In fact, in this case, we have not been able to carry
out the computation until 7' = 100 even with time step At = 0-02. This is the reason why smoothing
procedures have been tried in order to stabilize the leap-frog scheme. We have tested several
kinds of smoothing among the most commonly used. Our conclusion is the following: the mixing
procedures (42) and (43) can be efficient if the parameters M and ¢ have been carefully chosen.
The numerical results depend very sensibly on the values of M and ¢. For small variations of
these parameters, the scheme may produce either too much damping or instability.

However, the most efficient procedure, for our point of view, is the ¢ mixing defined in (43).
But this procedure makes necessary twice as many computations and, in some cases, it is a
better choice to halve the time step.

We present in Table III some results of computations with a mixing procedure.

Semi-implicit scheme. Numerical experiments have confirmed the remarkable conservation
properties of this scheme. These properties allow us to take larger time steps and then to decrease
the computational cost of the semi-implicit scheme. Comparisons between computational times
of leap-frog and semi-implicit schemes are presented in Table IV. They show that in the case of
a rough initial condition and long-term integration, the semi-implicit scheme succeeded where
the leap-frog scheme failed and that its computational cost became competitive.

So far, the algorithm used to solve the inversion matrix problem (55), which occurs with the
semi-implicit scheme, has been the relaxation algorithm. But computational instabilities make
it divergent when the extra-diagonal coefficients of the matrix become dominant, for example
when the ratio At/h increases. This sets the problem of mesh refinements. This is the reason why
we have tested other iterative methods well-suited for solving non-symmetric systems. We
summarize in Table V the first results of our computations.
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Table IV.
Computer
T=100 time,s
Initial condition (C2)
7
h=-—
10
Leap-frog scheme
At =005 Enstrophy 716 720
Energy 177
At=01 Enstrophy 71-8 350
Energy 177
Semi-implicit scheme
At =101 Enstrophy 716 1320
Energy 177
At =02 Enstrophy 716 710
Energy 175
T
h=—
16
Leap-frog scheme
At =002 Enstrophy 716 3810
Energy 174
At =005 Enstrophy 71-8 1529
Energy 17-4
Semi-implicit scheme
At=01 Enstrophy 71-6 4850
Energy 174
Initial condition (C3)
7
h=-—
10
Leap-frog scheme
At =002 Enstrophy 6168 3845
Energy 528
Semi-implicit scheme
At =005 Enstrophy 5754 2920
Energy 542
At=01 Enstrophy 5751 1510
Energy 51
n
16
Leap-frog scheme
At =002 overflow

after T =60

Semi-implicit scheme
At =005 Enstrophy 575 8719
Energy 514
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Table V.
Average computer
time per time
step, s
i
h=—,At=01
16
Relaxation, w = 090 50
Concus and Golub G.C.G 52
Chebysheff iteration 3-8
Bi-conjugate gradient 70
Multigrid method 55
7
h=—,At =005
32
Relaxation, w =090 44
Concus and Golub G.C.G 57
Chebyschev iteration 39
Bi-conjugate gradient 59
Multigrid method 43

Computations have been performed on a VAX mini-
computer of Digital Equipment Company

Graphical representations and spatial discretizations

In order to make precise the behaviour of approximate solutions, we have been led to use
graphical representations of the stream-function y at different times. These representations have
shown two noticeable results.

First, from a theoretical point of view, a consequence of the possibility, with the semi implicit
scheme, to follow the stream function solution during long-term integration, has been to exhibit
a periodic solution of Euler equations in the case of initial condition (C2)—see Figures 6-9.

Then, from a numerical point of view, we perform computations in the case of initial condition
(C2) with several values of the mesh size h. The study of the graphical representations of the stream
function solutions at T = 20 for different h, shows that if for every choice of the mesh size, the shape

Figure 6. Initial condition C2. T =0; ‘Enstrophy’ = 71-6; ‘Energy’ = 174
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Figure 9. Initial condition C2. T = 100; ‘Enstrophy’ = 71-6; ‘Energy’ = 174
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A
C2. Stream function solution at T =20. h= g; ‘Enstrophy’ = 71-6; ‘Energy’ = 17-9

AN
.9"//’"““‘\\‘&
.:’?%ﬂ”"““\\\\%&.

7 INNNSSS,
T

)
,,,gg\\\\\\\

T
C2. Stream function solution at T=20. h =§; ‘Enstrophy’ = 71-6; ‘Energy’ = 174
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of the stream function is qualitatively maintained, the enstrophy and kinetic energy remain exactly
constant; on the other hand, the velocity of the rotation phenomenon depends on the mesh size A. It
seems that we have the appearance of group velocity errors in two dimensions as mentioned in the
papers of Trefethen'® and Bamberger et al.'* So far, owing to the non-linearity of the equations, it
has not been possible to specify the variations of the velocity of the phenomenon with the mesh size
h. Complementary work is to be done in that direction (see Figures 10-13).

Further experiments

We also test the above schemes on open ocean modelling equations, after Haidvogel et al.'?
We consider the forced non-linear box mode problem (see Reference 12, p. 34)

5}
EEVZ‘// + 8‘](1//9 Vzl/’) + ‘//x = F(x,y, t)’
where

) 3
F(x,y,t)= {b—gvz +eJ(Y,, V) + 6-x} Ya(x, v, 1),

with
Va(x, y, t) =sin xsin ycos(ax + by +ct), 0<x,y<m,

We choose’?

1 1 1

= b=—r, ¢c=5, &=02
NG

2’
The results are presented in Table VL. These results are very close to the corresponding results
of Haidvogel et al.'?

a =

Table V1.
RMS(w) RMS() NDIF

n i
he=— dt=-— 635 x 1072 1117 x 1072 729 x 1072

16 64

7 1 _
h=— dt=— 593 x 1072 576 x107% 623 x 1077

32 64

n n B
h=— dt=-— 469x 1072 396x10"% 781x1073

32 128

Duration 2 periods

RMS() = {Jf(df - '//a)sz/ Jf(llla)zd/l}m
RMS(w) = {jf(w - wa)sz/ Jf(wa)sz}I/Z
NDIF = {MW’[ZCM —”;Vn/z,gsz}/”;v%PdA
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CONCLUSION

Let us recall that our purpose was to compute the stream-function and the vorticity solutions
of the two-dimensional non-stationary Euler equation in long-term integration while keeping
constant kinetic energy and enstrophy, as necessary in atmospheric motions model.

The finite element associated with a semi-implicit time scheme of order two provides a reliable
solution of that problem. This way, we have been able to follow the solution during long-term
integration. Moreover we exhibit numerically a solution of the Euler equations which seems to
be periodic.

From a practical point of view, although the semi-implicit scheme may appear already
competitive in some cases, complementary works have to be done in order to reduce its
computational cost.
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